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On Sylvester's Proof of the Reality of the Boots of 
Lagrange's Determinantal Equation, 

By Thomas Muik, LL. D. 



(1). Of the various proofs that the roots of the equation 
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X bs 
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are all real when the determinant is axisymmetric none is more elegant than 
Sylvester's, which appeared originally in the Philosophical Magazine, IV, pp. 
138-142 (1862). In this account it is desirable to examine whether it be not 
readily applicable to prove the extension of the theorem which has been recently 
formulated,* viz. that 
The n'*'" equation 
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will have all its roots real if in the case of every pair (i, v of the n — 1 indices 

2, S, 4c, . . , . , n we have 

Ij^ . fiv . vl = fil . v^ . Iv 

and Ifi.fil = +. 

(2). For shortness' sake, let us consider the equation of the 4*^^ degree, viz. 
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in which case we have to establish the reality of all the roots when it is given 

that 

agSgCi = afiiG^ , a^\ = ■+-, 

it being noted however that these three conditional equations imply another, viz, 

OgC^Ctg ^^^^ OjG2U'g , 

and that, along with the three conditions as to sign, they also imply three others 
of the latter character, viz. 

&3C2 = +, 

Cids = +. 

so that, in fact, the determinant is given axisymmetric as to sign. 
Denoting, then, the above equation of the 4*^ degree by 

f{x) = 0, 
we have for the product of the two determinants f{x) and/( — a;), 
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Ctj , (Xg , Oyg , (*4 
fl!4 , 64 , C4 , Ct4 (^4 , 64 , C4 , (*4 <3^4 , O4 ) C4 , (*4 
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where — ' — '- — '- — '- is used for shortness' sake to denote the bipartite 
m, n, p, q 

(a, b, e, d\m, n, p, q), 

i. e. am-\-hn-{-cp-\-dq. Expanding this determinant according to descending 
powers of x^, we obtain 
42 
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and all that remains is to show that the coefl&cients of this expansion are all 
positive. 

Now the coefficient of — x^ is 

Oj + a^bi + asCi + <^4<^i 

+ 6ia2 + 6| + SgCg + &4'^2 

+ Cjag + C263 + c| + C4d:3 
+ d^a^ + d^bi + cZ3C4 + <^ , 

and every individual term of it is seen to be positive because of the sign-condi- 
tions. 

The coefficient of cc* is the axisymmetric square array of 36 terms: 

I tti &g I ' + I «! bgWai Cg I + I aibiWai (^g I + I «s hWh Cg | + | a-Mlh ^^g I + | «3 hhi<^i \ 
+ I «i Calki 5g I + I ai Cg I ^ + I ai C4||aiC?g [ + 1 ag C3II&1 C3 1 -f | ag C4II&1 t^g | + 1 03 C4IIC1 (^3 1 
-f I aid^Wai &4 1 + I «i^3||«i C4 1 + I «i(^4 r + I «2 '^sll^i C4 1 + I azdiWbi (^4 1 + | a3(i4||ci (^4 1 
+ I h Cgllag bg\-\-\ 61 Cgllttg C3 1 + I &i C4||a3 c^s | + I ^2 Cg | ^ + | §2 C4II62 c?g | + | Sg C4IIC3 c?3 1 
+ I h^ilUh h\ + \ bidg\\a^ C4I -f 1 5i(^4||a2(?4| + | ^s ^311^8 ^tl + lh^i]^ + I hdiWc'^d^l 

+ [q^^alks &4I + |Cl(^3ll«3 C4I + |Ci6^4||ag(^4| + |C3<?gp3 C4 | + | CgCZ4||l ^4 1 + | Cg <?4 | * 
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where six of the terms are clearly positive and fifteen require examination. 
Taking the first of the latter, viz. | «i 63 1 . | ai c^ | and multiplying and dividing by 

&3, we see that it 

= I «! 63 1 . («! 63 &3 — aa Ci 63) -f- 63 , 

which, on account of the conditional equation agSgCj = a3 6iC3, 

= I «! 63 1 . (ai 63 — as 61) Cg -4- 63, 



= \aM^.^ 



'3 1 



and therefore is positive because bg and Cg are given alike in sign. The same 
mode of proof suffices for all the others except the three in the second diagonal 
of the square, in which cases the introduced multiplier is the product of two 
elements. For example, 

I ag 64 1 . 1 Ci c?2 1 = I aj &4 1 . (0-3 64 Ci di — ag b^ c^ (?i) -J- ag b^ , 
= I ag S4 1 . (ag 64 Ci (^3 — a4 Jg Cidc^)-^ a^ b^ , 

= + 
because a^ and c^ are alike in sign, and also bi and d^. 

The coefficient of — x^ is the axisymmetric square array of sixteen terms, 

l^i^aCgP +\aih<^i\ \aihd3\ + \aih<^i\ |«iCa<^3| + |«2^3 C4I l&iCgcZgl 

+ I CTi&gC^g I I «! &2 C4 1 + j aj &2(^4 1 ^ +1 aibsdi j | ttiC^ <^4 1 + | Og ^3 (^4 1 1 61 Cg d^ \ 

+ |«lCa(^3| |«l&3C4| + |«lC2(^4| \aibsdi\ + |aiCgC24p +|«3C3(^4| l&i 636^4! 

+ |6lCa(^3| laa^sC^I +|^lC8<^4| |«3^3(^4| + 1^1^3(^4 1 Kc3(?4l + |&aCgtZ4|* 

where four of the terms are clearly positive and six require examination. 
Taking the first of the latter, viz. |ai&2C4 1 | aib^dgl and multiplying and dividing 
by Ci, we obtain 

|«i^2C4|--| \ciih\<^s(^i — IttidzlbgCi . +\bidz\agCi\-r-Ci 

^ ^^ =:\a^bzGi\.\\aib^\dsGi — \aibi\.-^bsCi + \a^bi\-^.ascA-^Ci, 

= \ctihCi\.\ \aib2\dsGi — \aibi\c^ds + \azbi\Cids\-i-Ci, 

= |ai&2C4|.|ai 63041.--^ 

= + 
because c^ and dg are alike in sign. For the five other terms, exactly the same 
mode of proof suffices. 
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Lastly, the coefficient of ic" is manifestly \ayh^Csdi\ 
The theorem is thus established. 



(3). There are several results obtained in the foregoing which are well 
worth fuller notice. 

In the first place, it should be observed that not only is the coefficient of 
each power of a; positive, but it is shown to be so by reason of the fact that every 
term of it is positive, exactly as in Sylvester's original case. 

Secondly, it should be noted that in dealing with the coefficient of as* we 
proved that each minor of the 2*^ order bears a simple ratio to its conjugate 
minor, viz. 
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Thirdly, in dealing with the coefficient of x^ it was shown that each minor 
of the 3*^ order bears a similarly simple ratio to its conjugate minor, viz. 

lai^gc^gl :: C4 : dg, 
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of Lagrange^ s Deter minantal Eqimtion. 
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(4). A little examination suffices to make evident that only six ratios are 
involved in all these proportions, viz. the ratio of each non-diagonal element to 
its conjugate. All the proportions except three can thus be combined as follows : 
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It therefore appears that we can formulate the following general theorem : If the 
determinant of the A*^ order \ a^ 63 Cg d^ | fulfil the specified conditions, the ratio of any 
non-diagonal element pq to its conjugate qp 

\pq.rr\ \pq-''>s\ \pq.rr .ss\ 

\qp.rr\ \qp .ss\ \qp .rr .ss\ ' 

In the case of the three excepted proportions the ratios which occur are com- 
pounded of these six, viz. 
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(6). Another important property of the determinant \ai\cgdi\ is that every 
term is equal to its conjugate. 

To establish this we have to prove seven identities, for of the total twenty- 
four terms ten are known* to be self-conjugate. The first four 



* Proc. Roy. Soc. Edinburgh, XVII, pp. 7-13. 
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flg &3 Ci di = as hi Ca d^, 
Oi hi Cg di = ^4 &i C3 c?a, 
«3 ^2 C4 c?i = a^ \ Ox d^ , 

«! hg C4 <^2 = <*1 ^4 ^2 C?3 , 

are readily got from the conditional equations by multiplying by d^, Cg, &2 , «i 
respectively. Each of the remaining three is got from a jpair of the conditional 
equations by multiplication and division, thus — 

from the 1** and 4*^" equations 

fflg 63 Cj . 64 Cg (^3 = aghiC^.bgCidi, 
and .'. a^ h^ c^ dg = a^ h^ c^ d^ ; 

from the 2** and 4*'' equations 

Og hidi . 63 C4CZ3 = a^h^dz . 64 c^dg 
and .'. % &3 C4 (?i = 0^4 Z>i Cg dig ; 

and from the 3** and 4**^ equations 

ag C4 di . &4 Cg dg = a^Ci dg . hg c^ d^ 
and .•. % 64 C2 <^i = 0^4 hg Cj (^2 • 

(6). Finally, it should be noted that the conditions here given for the reality 
of the roots off(x) = are exactly the conditions for the determinant /(a;) being 
transformable by multiplication of rows and columns into an axisymmetric 
determinant in which x is involved in the same way as before the transformation. 



